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The additive property of modal density for composite structures is 
discussed. 
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A d d i t i v e  P r o p e r t y  of Modal Dens i ty  f o r  a Composi te  S t r u c t u r e  
F. D. Ha r t  
I n t r o d u c t i o n  
The problem of f i n d i n g  t h e  number of n a t u r a l  f r e q u e n c i e s  of a n  
e l a s t i c  s t r u c t u r e  t h a t  are c o n t a i n e d  i n  a g i v e n  f r e q u e n c y  i n t e r v a l  
o c c u r s  i n  t h e  a n a l y s i s  of s t r u c t u r a l  v i b r a t i o n  under  t h e  a c t i o n  of a 
random load  w i t h  broad s p e c t r a l  c o n t e n t  [l, 
problem a r e a  h a s  been  c o n t r i b u t e d  by s e v e r a l  i n v e s t i g a t o r s  [ 3 ,  4 ,  5 3 ,  
23. Knowledge i n  t h i s  
The s t u d i e s  t h a t  have  been r e p o r t e d  on t h e  d e t e r m i n a t i o n  of t h e  
d e n s i t y  of t h e  d i s t r i b u t i o n  of n a t u r a l  f r e q u e n c i e s  ( o r  what i s  a l s o  
termed t h e  modal d e n s i t y )  have been concerned  w i t h  c l a s s i c  s t r u c t u r a l  
s h a p e s  such  as beams, p l a t e s ,  and  c y l i n d e r s .  However, t h e s e  shapes  
r a r e l y  occur  i n  a real a p p l i c a t i o n  i n  e n g i n e e r i n g  as s e p a r a t e  e l e m e n t s .  
Thus i n  a p p l y i n g ,  f o r  example,  t h e  s t a t i s t i c a l  ene rgy  a n a l y s i s  t o  a 
complex sys tem,  t h e  m o d a l  d e n s i t y  of compos i t e  s t r u c t u r e s  must b e  con-  
s i d e r e d .  
A compos i t e  s t r u c t u r e  i s  composed of a number of s u b s t r u c t u r e s  o r  
components e a c h  of which may be i d e n t i f i e d  ( i d e a l l y )  w i t h  some c lass ic  
s h a p e .  Assuming t h e  modal d e n s i t y  of each  s u b s t r u c t u r e  i s  known, i t  i s  
p o s t u l a t e d  t h a t  t h e  modal d e n s i t y  of t h e  compos i t e  s t r u c t u r e  i s  e q u a l  t o  
t h e  sum of t h e  modal d e n s i t i e s  of i t s  components 121. I f  t h e  j t h  com- 
ponen t  of t h e  compos i t e  e x h i b i t s  N modes w i t h i n  t h e  f r e q u e n c y  i n t e r v a l  
hW, t h e n  i t s  modal d e n s i t y  a t  t h e  c e n t e r  of t h e  band bW i s  d e f i n e d  as 
j 
3 
where t h e  summation e x t e n d s  over  t h e  t o t a l  number of e l e m e n t s ,  m y  t h a t  
g i v e  r ise  t o  t h e  composi te  s t r u c t u r e .  
The a d d i t i v e  p r o p e r t y  of modal d e n s i t i e s  e x p r e s s e d  by e q u a t i o n  ( 2 )  
h a s  n o t  been proven  a n a l y t i c a l l y  i n  a g e n e r a l  form nor  h a s  i t  been  d e -  
mons t r a t ed  a n a l y t i c a l l y  f o r  p a r t i c u l a r  composi te  s t r u c t u r e s  [ 2 ] .  S e v e r a l  
e x p e r i m e n t s ,  however,  have i n d i c a t e d  g e n e r a l  agreement  w i t h  t h e  p o s t u l a t e  
[ 6 ] .  Tne p h y s i c a l  r e a s o n i n g  r e p o r t e d  i n  [2] s e r v e s  as a b a s i s  f o r  accep-  
t a n c e  of t h e  c o n c e p t .  
I f  a lumped mass sys tem w i t h  k d e g r e e s  of f reedom i s  j o i n e d  t o  a n o t h e r  
lumped mass sys tem t h a t  h a s  X d e g r e e s  of f reedom,  t h e n  t h e  r e s u l t i n g  lumped 
mass sys t em w i l l  i n  g e n e r a l  p o s s e s s  m = k + A d e g r e e s  of f reedom. 
a r e s o n a n t  f r e q u e n c y  e x i s t s  f o r  each d e g r e e  of f reedom, t h e  combined sys tem 
w i l l  e x h i b i t  m r e s o n a n t  modes, The f r e q u e n c i e s  a t  which r e s o n a n t  modes 
occur  f o r  t h e  combined sys t em w i l l  b e  d i f f e r e n t  f rom t h o s e  of t h e  subsys tems.  
I n  a g i v e n  f r equency  i n t e r v a l  t h e  combined sys tem w i l l  c o n t a i n  modes e q u a l  
i n  number t o  t h e  sum of t h e  modes i n  t h a t  same f requency  i n t e r v a l  f o r  t h e  
s e p a r a t e  lumped mass sys tems - a c c o r d i n g  t o  t h e  a d d i t i v e  p o s t u l a t e .  
S i n c e  
A c o n s i d e r a t i o n  of two s i m p l i f i e d  subsys tems f u r t h e r  i l l u s t r a t e s  t h e  
p o i n t .  I f  t h e  two s i n g l e  mass systems shown i n  F i g u r e  1 are c o n n e c t e d ,  a 
two d e g r e e  of f reedom sys tem i s  o b t a i n e d ,  F i g u r e  2.  The r e s o n a n t  f r e -  
q u e n c i e s  of t h e  subsys tems are w1 and w2, and f o r  t h e  combined sys tem t h e  
.. 4 
n a t u r a l  f r e q u e n c i e s  can  be  expres sed  as 
where cy i s  t h e  mass r a t i o  m / m  I f  cy = 1 and w1 - w2, e q u a t i o n  ( 3 )  g i v e s  2 1' 
t h e  f o l l o w i n g  f o r  t h e  r e s o n a n t  f r e q u e n c i e s  of t h e  sys t em of F i g u r e  2 .  
I t  i s  n o t e d  from ( 4 )  t h a t  one of t h e  n a t u r a l  f r e q u e n c i e s  f o r  t h e  
combined sys tem i s  above  t h a t  f o r  e i t h e r  of subsys tems w h i l e  t h e  o t h e r  
i s  below. Thus combining t h e  sys tems c a u s e s  a n  upward and downward s h i f t  
f o r  t h e  r e s o n a n t  f r e q u e n c i e s  as compared t o  t h e  v a l u e s  f o r  t h e  i n d i v i d u a l  
sys t ems .  I f  t h i s  o b s e r v a t i o n  is e x t r a p o l a t e d  t o  sys t ems  w i t h  many d e g r e e s  
of f reedom,  i t  would be expec ted  t h a t  a n  e q u a l  number of modes would be  
s h i f t e d  i n t o  and o u t  of a g i v e n  f r equency  i n t e r v a l  upon combining two 
s y s t e m s  s o  t h a t  on t h e  a v e r a g e  t h e  t o t a l  number of modes i n  t h i s  i n t e r v a l  
would remain unchanged. 
,While  a g e n e r a l  p roof  of t h e  a d d i t i v e  p r o p e r t y  of modal d e n s i t i e s  i s  
n o t  g i v e n  h e r e ,  i t  i s  demons t r a t ed  below t h a t  i t  h o l d s  t r u e  f o r  a p a r t i c u l a r  
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The Compos i t e  S t r u c t u r e  
I n  o r d e r  t o  i n v e s t i g a t e  t h e  p o s t u l a t e  ( 3 )  f o r  a p a r t i c u l a r  s y s t e m ,  
t h e  modal d e n s i t y  of t h e  compos i t e  as  w e l l  as  i t s  subsys t ems  m u s t  be 
amenable t o  a n a l y t i c a l  t r e a t m e n t .  Thus  t h e  r e s o n a n t  modes m u s t  b e  
de t e rmined  f o r  t h e  compos i t e  and i t s  c o n s t i t u e n t s  and t h i s  r e q u i r e s  
c o n s i d e r a t i o n  of a r e l a t i v e l y  s i m p l e  system. One sys t em t h a t  can  be 
t r e a t e d  i s  i l l u s t r a t e d  i n  F i g u r e  3 .  T h i s  s t r u c t u r e  c a n  be imagined t o  
be c o n s t r u c t e d  by bending a s i n g l e  bean a t  a r i g h t  a n g l e  t o  form t h e  two 
l e n g t h s  1 
of l e n g t h s  L 
s t r u c t u r e .  The subsystems may then  b e  supposed t o  b e  two beams a s  i l l u s -  
and k 2  and c a n t i l e v e r e d  a t  one end.  A l t e r n a t i v e l y ,  two beams 
and .k2 may b e  welded a t  r i g h t  a n g l e s  t o  form t h e  compos i t e  
1 
t r a t e d  i n  F i g u r e  4 .  
I n  R e f e r e n c e  [7 ] ,  t h e  f r e q u e n c y  e q u a t i o n  f o r  t h e  compos i t e  s t r u c t u r e  
of F i g u r e  3 i s  o b t a i n e d  th rough  a c o n s i d e r a t i o n  of t h e  two beams shown i n  
The boundary c o n d i t i o n s  1' 42 '  F i g u r e  4 w i t h  t h e  two c o u p l i n g  c o o r d i n a t e s  q 
f o r  t h e  two subsys t ems  a re  f i x e d - f r e e  and p i n n e d - f r e e .  These  d e t a i l s  a r e  
n o t  i m p o r t a n t  i n s o f a r  as t h e  modal d e n s i t i e s  of t h e  i n d i v i d u a l  beams are  
conce rned  s i n c e  t h e  boundary c o n d i t i o n s  o n l y  a f f e c t  t h e  modal s p a c i n g  f o r  
t h e  f i r s t  few modes. The model ing of the compos i t e  s t r u c t u r e  of F i g u r e  3 
as i l l u s t r a t e d  i n  F i g u r e  4 i s  c o n v e n i e n t  i n  d e t e r m i n i n g  t h e  f r e q u e n c y  equa-  
ti on t h rough  t h e  r e c e p t a n c e  p r o c e d u r e  and g i v e s  v e r y  c l o s e  agreement  betwsen 
t h e o r e t i c a l  and e x p e r i m e n t a l  r e s u l t s  a s  observed by t h e  writer and a l s o  
r e p o r t e d  i n  [ 7 ] ' f o r  t h e  low modes. 
If  t h e  compos i t e  s t r u c t u r e ,  F i g u r e  3 ,  i s  e x c i t e d  v e r t i c a l l y  i n  t h e  
p l a n e  of t h e  p a p e r  a t  t h e  a n c h o r  p o i n t ,  t h e n  l o n g i t u d i n a l  v i b r a t i o n a l  modes 
c a n  o c c u r  i n  the v e r t i c a l  member. However, s i n c e  t h e  pu rpose  of t h i s  
exercise i s  t o  compare s p a c i n g  of the bend ing  modes f o r  t h e  s u b s t r u c t u r e s  
.. 6 
.' 
w i t h  t h o s e  f o r  t h e  compos i t e ,  t h e  v e r t i c a l  member i s  c o n s i d e r e d  t o  be a 
r i g i d  body i n s o f a r  a s  l o n g i t u d i n a l  motion i s  conce rned  [ 7 ] .  Thus i n  
subsequen t  a n a l y s i s ,  on ly  bend ing  modes i n  t h e  p l a n e  of t h e  pape r  w i l l  
be examined f o r  t h e  compos i t e  and f o r  t h e  two s u b s t r u c t u r e s  as  w e l l .  
Frequency E q u a t i o n s  and  Modal Spac ing  
I n  o r d e r  t o  d e t e r m i n e  t h e  modal d e n s i t i e s  of t h e  s t r u c t u r e s  urider 
c o n s i d e r a t i o n ,  t h e  modal s p a c i n g  m u s t  be  found as  a f u n c t i o n  of f r e q u e n c y .  
T h i s  can  be accomplished by s o l v i n g  t h e  f r e q u e n c y  e q u a t i o n s  t o  a s c e r t a i n  
the t o t a l  number of modes t h a t  can o c c u r  up t o  some f r equency  Q and 
. l l l u w l n g  n t o  vciry from z e r o  t o  iln i i rb lLrn ry  u,>pcr l i i u L .  When t h ~ s  
i n f o r m a t i o n  i s  p r e s e n t e d  i n  g r a p h i c a l  form,  a n  examina t ion  of t h e  s l o p e s  
of t h e  r e s u l t i n g  c u r v e s  w i l l  y i e l d  t h e  modal d e n s i t i e s .  
Without l o s s  i n  g e n e r a l i t y  of r e s u l t s ,  a s i m p l i f i c a t i o n  i n  t h e  
a n a l y s i s  c a n  b e  e f f e c t e d  by assuming t h a t  1 = = 1 and t h a t  b o t h  
members are of t h e  same material. With t h e s e  s i m p l i f y i n g  c o n d i t i o n s ,  t h e  
f r e q u e n c y  e q u a t i o n  f o r  t h e  composi te  s t r u c t u r e ,  A ,  becomes I 
1 [cos S i n h  11 + s i n  1.k Cosh 11 + c o s  11 Cosh + 1 
COS Cosh xk + 1 c o s  A k S i n h  hZ1 - s i n  Cosh A& 
s i n  19, Sinh l k  
+ [COS Cosh + 1 
The r e s o n a n t  f r e q u e n c i e s  are t h e n  de te rmined  a c c o r d i n g  t o  t h e  r e l a t i o n  
( 6 )  
7 .. 
D 
where 5 i s  t h e  r a d i u s  of g y r a t i o n  and C x  i s  t h e  l o n g i t u d i n a l  w,ive v e l o c i t y .  
The f r e q u e n c y  e q u a t i o n s  f o r  t h e  s u b s t r u c t u r e s  a r e  
(clamped-f ree) c o s  11 Cosh + 1 = 0 ( 8 )  
E q u a t i o n  ( 6 )  may be used a g a i n  t o  compute t h e  n a t u r a l  f r e q u e n c i e s  c o r r e s -  
ponding t o  t h e  e i g e n v a l u e s  as reckoned from e q u a t i o n s  ( 7 )  and ( 8 ) .  
An examina t ion  of e q u a t i o n  ( 5 )  shows t h a t  the v a l u e s  of ( ~ 1 )  which 
I 
s a t i s f y  e i t h e r  e q u a t i o n  ( 7 )  o r  (8)  c o r r e s p o n d  t o  t h e  o c c u r r e n c e  of a n  
i n f i n i t e  v a l u e  i n  t h e  f r e q u e n c y  e q u a t i o n  f o r  t h e  compos i t e .  T h i s  c o n d i t i o n  
c a n  pose  a s l i g h t  i n c o n v e n i e n c e  i f  e q u a t i o n  ( 5 )  i s  s imply  programmed t o  
d e t e r m i n e  F (LA) = 0 ,  a c c o r d i n g  t o  a n  o b s e r v a t i o n  i n  a s i g n  change 
f o l l o w e d  by a f i n e r  i t e r a t i v e  p r o c e s s .  I f  t h i s  p r o c e d u r e  i s  f o l l o w e d  i t  
i s  found  t h a t  s i g n  changes  o c c u r  under t h r e e  c o n d i t i o n s :  (1 )  f o r  t h e  
t r u e  e i g e n v a l u e s ,  ( h j k ) ,  f o r  t h e  compos i t e ,  ( 2 )  f o r  t h e  e i g e n v a l u e s  .of 
the  f r e e - p i n n e d  beam, and ( 3 )  f o r  t h e  e i g e n v a l u e s  of t h e  c l a m p e d - f r e e  
beam: S i n c e  t h e  v a l u e s  f o r  t h e  second and t h i r d  cases c a n  be  computed 
a c c u r a t e l y ,  t h e s e  are  d i s c o u n t e d  and t h e  r ema in ing  (1 1) t h a t  c a u s e  a s i g n  
change  are the real  r o o t s  t o  e q u a t i o n  ( 5 ) .  T h i s  scheme i s  s a t i s f a c t o r y  
up t h r o u g h  a b o u t  t h e  f i r s t  t e n  modes f o r  t h e  compos i t e  and t h e  r e s u l t s  
are  l i s t e d  i n  T a b l e  1. Beyond t h e  t e n t h  mode, t h e  e i g e n v a l u e s  f o r  t h e  
c o m p o s i t e  are  c l o s e  t o  t h o s e  v a l u e s  which g ives  r ise  t o  a n  i n f i n i t e  





i 8 ! 
The e i g e n v a l u e s  t h a t  c o r r e s p o d  t o  t h e  h i g h e r  inodes f o r  t h c  c0ih20si t e  
can  be  de t e rmined  by r e a r r a n g i n g  e q u a t i o n  ( 5 )  and u s i n g  t h e  a p p r o x i m a t i o n s  
t h a t  
Tanh h J w  1 , Sech 0 
With t h e s e  o b s e r v a t i o n s  implemented, e q u a t i o n  (5)  c a n  be w r i t t e n  as 
( 9 )  
E q u a t i o n  (10) i s  e s s e n t i a l l y  a n  a s y m p t o t i c  v e r s i o n  of e q u a t i o n  ( 5 )  and i t  
i s  shown g r a p h i c a l l y  i n  F i g u r e  5 .  I n  F i g u r e  5 ,  the i n t e r s e c t i o n  p o i n t s  
of t h e  e q u a t i o n s  G (A$ 1 = 2 (A&. )  and G (A&_) d e f i n e d  by (11) r e p r e -  
s e n t  t h e  s o l u t i o n s  t o  e q u a t i o n  (10) .  
1 2 
With t h e  i n f o r m a t i o n  g a i n e d  from e q u a t i o n  (10) and F i g u r e  5 ,  t h e  
l i s t i - n g  of e i g e n v a l u e s  i n  T a b l e  1 can b e  comple t ed .  
t h e  r e g u l a r i t y  i n  modal s p a c i n g  becomes a p p a r e n t .  
A s  h i  i n c r e a s e s ,  
Cumula t ive  Number of hlodes and Nodal D e n s i t y  
The c u m u l a t i v e  number of modes t h a t  e x i s t  up t o  a n  a r b i t r a r y  v a l u e  
f o r  ( 1 . k )  c a n  b e  a s c e r t a i n e d  f o r  t h e  coinposi te  and t h e  s u b s t r u c t u r e s  





The i n f o r s a t i o n  i n  Table 2 h a s  been i l l u s t r a t e d  g r c i p h i c a l l y  ;n F i g a r e  o 
In F i g u r e  6 t h e  c u l n u l i i t i v e  number of m d c s  f o r  the compos i t e  and  the s u b -  
s tnicturc3s h i l v c ~  been ploLLcd a g a i n s t  i hc  c i g c ~ i i v a i l u i ~ s  (,.,,L) . Lf t h r  
a d d i t i v e  p o s t u l a t e  h o l d s ,  t hen  i t  m u s t  be  t r u e  t h a t  
0 
An examina t ion  of F i g u r e  6 shows t h a t  e q u a t i o n  ( 1 2 )  i s  s a t i s f i e d  s o  
t h a t  t h e  a d d i t i v e  p r o p e r t y  of modal d e n s i t i e s  f o r  the p a r t i c u l a r  compos i t e  
unde r  c o n s i d e r a t i o n  i s  v e r i f i e d .  From F i g u r e  6 ,  i t  i s  found t h a t  t h e  re -  
l a t i o n  between N and (A&) i s  g i v e n  by A 
I n t r o d u c i n g  t h e  q u a n t i t i e s  fi = N A d T i  and v = W % / C L  , e q u a t i o n  (13) 
becomes 
Thus  t h e  modal d e n s i t y  f o r  t h e  composi te  i s  g i v e n  by 
8 - 1 / 2  
25 
- di?( v )  n ( V I  =r-- ( 15) 
The modal d e n s i t y  f o r  a beam, i r r e s p e c t i v e  of t h e  boundary c o n d i t i o n s ,  can  
b e  w r i t t e n  as 
13 
-. 
moddl d e n s i t i e s  of t h e  s u b s t r u c t u r e s  i s  
Obse rva r ion  shows t h a t  t h e  c o e f f i c i e n t  (l/T) i n  (17) compares f a v o r a b l y  
w i t h  :he c o e f f i c i e n t  (8 /25 )  i n  e q u a t i o n  (15). E q u a t i o n s  ( I & )  ana (15) 
a re  shown g r a p h i c a l l y  i n  F i g u r e s  7 and 8 ,  r e s p e c t i v e l y .  
C o n c l u s i  or, 
The a d d i t i v e  p r o p e r t y  of modal d e n s i t i e s  f o r  composi te  s t r i i c t u r c s  
h a s  been d i s c u s s e d .  I t  i s  v e r i f i e d  a n a l y t i c a l l y  t h a t  t h i s  p r o p e r t y  i s  
t r u e  f o r  a p a r t i c u l a r  s t r u c t u r e  composed of two i d e n t i c a l  b e a r s  welded 
a t  r i g h t  a n g l e s .  
!1 
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Table 1. Tabulation o f  eigenvalues for the composite structure and 
the substructures 





































































T a b l e  2. T a b u l a t i o n  o f  the nuinber of modes for the compos i t e  and 
s u b s t r u c t u r e s  
E i g e n v a l u e  Number o f  modes h’umber of modes Number of modes 
f r e e - p i n n e d  beam c lamped- f r ee  beam compos i t  e 
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